EQUIVARIANT KHOVANOV-ROZANSKY HOMOLOGY AND LEE-GORNIK 

SPECTRAL SEQUENCE 



HAO WU 



Abstract. Lobb observed in [H] that each equivariant sl(jV) Khovanov-Rozansky homology over C[o] admits 
a standard decomposition of a simple form. In the present paper, we derive a formula for the corresponding 
Lee-Gornik spectral sequence in terms of this decomposition. Moreover, for each equivariant s\(N) Khovanov- 
Rozansky homology over C[a], we define its torsion width, which provides a lower bound for the homological 
thickness of the bI(N) Khovanov-Rozansky homology and determines when the corresponding Lee-Gornik 
spectral sequence collapses. 



1. Introduction 

Our goal is to use the equivariant sl(iV) Khovanov-Rozansky homology introduced by Krasner in [5] to 
understand other versions of the sl(N) Khovanov-Rozansky homology. Since the algebra is much easier 
over a principal ideal domain, we work with equivariant sl(N) Khovanov-Rozansky homologies over C[o]. 
Lobb observed in [8] that each such homology admits a standard decomposition of a simple form. The main 
result of the present paper is a formula for the corresponding Lee-Gornik spectral sequence in terms of this 
decomposition. Moreover, for each equivariant sl(N) Khovanov-Rozansky homology over C[o], we define a 
numerical invariant, the torsion width, which provides a lower bound for the homological thickness of the 
sl(N) Khovanov-Rozansky homology and determines exactly when the corresponding Lee-Gornik spectral 
sequence collapses. 

In the remainder of this section, we briefly review the background of this work and state our results. 

1.1. Equivariant sl(N) Khovanov-Rozansky homology over C[a]. Following the grading convention 
in [3], let x be a homogeneous variable of degree 2 and a a homogeneous variable of degree 2k, where A: is a 
positive integer. We consider the following homogeneous element of degree 2(N + 1) of C[x, a]. 

(1.1) P{x,a) = x N+1 + axF(x,a), 

where F(x, a) is a homogeneous element of C[x, a] of degree 2(iV — k). 

For any oriented link diagram D, one can use P(x,a) to specialize Krasner's construction in [5] to give a 
bounded chain complex Cp(D) of graded matrix factorizations over C[a]. We will review the construction 
of Cp(D) in more details in Section [21 For now, recall that Cp(D) comes with: 

• Two Z-gradings: the homological grading and the polynomial grading; 

• A filtration: the a;- filtration J- x ; 

• Two differential maps: d m f from the underlying matrix factorizations and d x from crossing infor- 
mation. 

The homology H(Cp(D), d m f) is a finitely generated free C[a]-module that inherits both Z-gradings and the 
re-filtration. The equivariant sl(N) Khovanov-Rozansky homology of D over <C[a] with potential P(x, a) is 
defined to be the homology 

(1.2) H P (D) = H(H(C P (D),d mf ), d x ), 

which, again, inherits both Z-gradings and the x-filtration. 

As a special case of Krasner's work in [5], we have the following theorem. 
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Theorem 1.1. [5] Every Reidemeister move of D induces a homotopy equivalence of Cp(D) that preserves 
both X-gradings and the x-filtration. Consequently, Hp(D), with its two 1-gradings and x-filtration, is 
invariant under Reidemeister moves. 

Remark 1.2. Strictly speaking, Krasner only proved the invariancc under braid-like Reidemeister moves. 
But the proof of the invariance under Reidemeister move IR is very similar and given in [131 Theorem 8.2]. 

Also, the x-filtration is not mentioned in [5j. But, from its definition in Section [2] below, one can see that 
the homotopy equivalence associated to Reidemeister moves given in [5J Q2] preserve the x-filtration. 

Define Cn(D) = Cp(D)/aCp(D). Then Cn(D) is isomorphic to the sl(N) Khovanov-Rozansky chain 
complex in [3]. It inherits from Cp(D): 

• the homological grading and the polynomial gradingQ, 

• both differential maps: d m f and d x . 
The homology 

(1.3) H N (D) = H(H(C N {D), 

is the s[(iV) Khovanov-Rozansky homology defined in [3]. The invariance of H^(D) was established by 
Khovanov and Rozansky in [3] but can now be viewed as a corollary of Theorem 11.11 

Corollary 1.3. [4] Every Reidemeister move of D induces a homotopy equivalence o/Cat(-D) that preserves 
both the homological grading and the polynomial grading. Consequently, Hn(D), with its homological grading 
and polynomial grading, is invariant under Reidemeister moves. 

Proof. The standard quotient map Cp(D) — > Cn(D) preserves homotopy equivalence. So Corollary 11.31 
follows from Theorem ll.il □ 

Define Cp(D) = Cp(D)/(a — l)Cp(D). Then Cp(D) is a bounded chain complex of filtered matrix 
factorizations over C. R inherits from Cp(D): 

• the homological grading, 

• the x-filtration !F X , 

• both differential maps: d m f and d x . 

We call the homology 

(1.4) Hp(D) = H(H(C P (D),d mf ),d x ), 

the deformed sl(N) Khovanov-Rozansky homology with potential P(x, 1). This version of the Khovanov- 
Rozansky homology was originally introduced by Lee [7] in the st(2) case and then by Gornik [5] in the 
general sl(iV) case. Rs invariance was first established by the author in [TT| but can now be viewed as a 
corollary of Theorem 11.11 

Corollary 1.4. |llj Every Reidemeister move of D induces a homotopy equivalence ofCp(D) that preserves 
both the homological grading and the x-filtration. Consequently, Hp(D), with its homological grading and 
x-filtration, is invariant under Reidemeister moves. 

Proof. The standard quotient map Cp(D) — > Cp(D) preserves homotopy equivalence. So Corollary 11.41 
follows from Theorem ll.il □ 

1.2. The Lee-Gornik spectral sequences. 

Theorem 1.5. [HE] Let D be a diagram of an oriented link L. Then 

• The x-filtration T x on the chain complex (H(Cp(D),d m f),d x ) induces a spectral sequence {E r (L)} 
converging to Hp(L) with E\(L) = Hn{L), 

• The x-filtration T x on the chain complex (H(Cp(D),d m f),d x ) induces a spectral sequence {E r (L)} 
converging to Hp(L) with E\{L) = H^{L) ®c C[a]. 

lr The increasing filtration induced by this polynomial grading is the same as the x-filtration that Cn(D) inherits from 
C P (D). 
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Remark 1.6. Only the E'o-pages of {E r (L)} and {E r (L)} depend on the choice of the diagram D. By 
Theorem 11.11 and Corollarv ll.4[ for r > 1, E r (L) and E r {L) are link invariants. 

The spectral sequence {E r (L)} was first observed by Lee [7] in the s((2) case and then generalized to the 
sl(N) case by Gornik [2]. A complete construction of {E r (L)} can be found in [11]. The construction of 
{E r (L)} is very similar and given in Section [3] below. We call {E r (L)} the Lee-Gornik spectral sequence 
over C and {E r (L)} the Lee-Gornik spectral sequence over C[a]. 

1.3. Lobb's decomposition theorem. As shown in Section [3] below, (H(Cp(D),d m f),d x ) is a bounded 
chain complex of finitely generated graded free C[a]-module. Lobb [8] observed that this implies (H(Cp(D), d m f),d x ) 
decomposes into a direct sum of simple graded chain complexes of the forms 

(1.5) F ita = 0^C[a]||i||{.s}^0, 

(1.6) T i>m , s = 0->C[o]||i-l||{s + 2fcm}-^-C[a]||i||{s}-^0, 

where indicates that the component is of homological degree i and, following [4], {s} means shifting the 
polynomial grading up by s. Therefore, Hp(D) is the direct sum of a free graded C[a]-module and torsion 
components of the form C[a]/(a m ). The torsion part of Hp(D) is not yet well understood. But the free part 
of Hp(D) is relatively simple and can be explicitly described using the deformed sl(N) Khovanov-Rozansky 
homology. Theorem 11.71 below is a more precise formulation of the decomposition of Hp(L) observed by 
Lobb in [S]. 

For any oriented link L, denote by H P (L) the component of Hp (L) of homological grading i and by Hp (L) 
the graded C-linear space associated to the filtered space (H P (L), .F x ). That is, W P {L) = @j e i'n P '(L), 
where //'//•:/.:• = H H U L ) I ' H' 1 Hp( L ) ■ 

Theorem 1.7. [8] Given an oriented link L and a homological degree i, there is a finite sequence 

{(nH,i,Si l i),...,(m itni ,Si t r H )} c Z >0 x Z 
such that, as graded C[a]-modules, 

n i 

(1.7) H P (L) = (^(L)® c C[a])©0(C[ a ]/(a m ^)){^} ) 

i=i 

where H P (L) is component of Hp(L) of homological grading i. Moreover, the sequence 

{(m it i,Si tl ), . . . , (mi, ni ,s iini )} 

is unique up to permutation. 

A complete proof of Theorem 11.71 is given in Subsection 14.21 below. A byproduct of this theorem is a 
decomposition of Hm{L), which we formulate in the following corollary. See Subsection 14.21 below for its 
proof. 

Corollary 1.8. Using notations in Theorem we have 

(1.8) H%{L) £* W P {L) ® ^0 C{ Siji }J ffi ( C{2km t+U + s i+M }j , 
where H l N (L) is component of Hn(L) of homological grading i. 

1.4. Decompositions of the Lee-Gornik spectral sequences. The main results of the present paper 
are formulas for {E r (L)} and {E r (L)} in terms of decomposition (|1.7J). To state our result, we need to 
introduce a non-standard tensor product 'W of bigraded vector spaceso 



2 The definition of 'W in Definition 1 1 . 91 comes from the normalization wc use in the definition of the spectral sequence of a 
filtered chain complex. If one uses a different normalization, then the definition of 'W needs to change accordingly. 

3 



Definition 1.9. Let U = < . U UJ and E = © p q E p > q be two Z® 2 -graded C-spaces. Then 

a,P 

is the Z® 2 -graded C-space satisfying 

j+p=a, q+i-j=fj 



Next, we define the ^-filtration T x of F^ 8 , Tj )TOiS , F ijS = F ijS /(a - l)i*i, s and T iiTOjS = r ijTOiS / (a - 1)7^ 

("()->• C[a]||i||{s}-»0 ifp>s, 
| if p < s. 



(1-9) 



(1.11) TSF hS 



-> C[a]||i - l\\{s + 2km} C[a]||i||{s} if p > s + 2fcm 
(1.10) J^T itm>a = <(0^C[a]||i||{.s}^0 if s<p<s + 2km 

if p < s. 

->• C||i|| ->• if p>s, 
if p < s, 

!0 -> C||i - 1|| 4 C||i|| -> ifp>.s + 2fcm 
-> C||»|| ->• iis<p<s + 2km 

if p < s, 

The filtered chain complexes i*i jS , Ti t , n _ s , F^ a and Ii im>s are very simple. Their spectral sequences are 
given in the following lemma, which is proved in Subsection 14.31 below. 

Lemma 1.10. For any r > 0, 

C[a]{s} if p = s and q = i — s, 



(1.13) E?'«(F ita ) 



(1.14) ^' 9 (^,m,,) = 



(1.15) F$' q (Fi, s 



otherwise, 

Z[a]/(a m )){s} if p = s, q = i — s and r > 2km + 1, 

C[a]{s} if p = s, q = i — s and r < 2km, 

[a]{s + 2km} if p = s + 2km, q = i — 1 — s — 2km and r < 2km, 

k otherwise, 

C if p = s and q = i — s, 
otherwise. 



if p = s, q = i — s and r < 2km, 
(1.16) £^' 9 (T i>m , s ) = ifp = s + 2km, q = i-l-s-2km and r< 2km, 

_ otheru 
Note that: 

• Isomorphisms (|1.13|) and (|1.14l) preserve the polynomial grading. 

• Both {E r (Ti tm s )} and {E r (Ti m s )} collapse exactly at their E2km+i-po-ges 

• Both {E r (Fi tS )} and {E r (Fi_ s )} collapse at their E$-pages. 

• E r (F iiS ) = C||i||{s} M E r (F , ), E r (F t , s ) = C||i||{s} M E r (F 0fi ), where 'W is the product defined in 
Definition \1.9\ and C||i||{s} is the I® 2 -graded 'C-space given by 

C if p = i and q = s, 
otherwise. 



(C||i||W) M 



We say that a spectral sequence {E r } collapses exactly at its Et-page if Et— i % Et but Et+ r — Et Vr > 0. 
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Combining Lemma \1 . 101 and the following theorem, we get explicit formulas for {E r (L)} and {E r (L)} in 
terms of Lobb's decomposition (Theorem 11.71 ) 

Theorem 1.11. For an oriented link L, let Hp(L) = ©j e z"Wp(-L) = ©(ijjez® 2 Hp 3 {L) and, for each i, 

{{m it i, s it i), . . . ,{m itni , s^ ni )} C Z >0 x Z 
the sequence given in Theorem \1.7\ Then, for any r > 1, 

rii 

(1-17) E r {L) = («p(L)H^(J , o,o))e®0S r (# <itn4il , atil ), 

rii 

(1-18) #rC&) = (Hp(£)8£ r (Fo,o))©®0£r(ri, mi| , A J, 

i£Z i=l 

where isomorphism (|1.17|) preserves the usually (p, q)-grading of spectral sequences, while isomorphism (|1.18[) 
preserves the usually (p, q)- grading of spectral sequences as well as the polynomial grading of each E^' q - 
component. 

Theorem 11.111 is proved in Subsection 14.31 below. The key to its proof is that, when the chain complex 
(H(Cp(D), d m f), d x ) is decomposed into complexes of the forms F is and T ims , the x-filtration decomposes 
accordingly. This is established in Subsection l4.ll 

Remark 1.12. With minor cosmetic changes, all Theorems 11.71 ITTTTl Corollarv ll.8l and their proofs generalize 
to the colored sl(N) link homology defined in [TJl [TBI H"4"] . 

1.5. The torsion width of Hp(L). 

Definition 1.13. Let L be an oriented link. Using the notations in Theorem 11.71 we define the torsion 
width of Hp(L) to be twp(L) = max{2fcmij i G Z, 1 < I < ri^fl which, by Theorem 1 1.71 is a link invariant. 
Equivalently, one has twp(L) = min{2fcm | m G Z>o, a m Hp(L) is free}. 

Here, recall that 2k is the degree of a. Wc include the factor 2k in the definition of twp(L) to make it 
invariant under simple changes of variable of the form a = b° . 

Corollary 1.14. Let L be an oriented link with torsion width twp(L) = w, and D a diagram of L. Assume 
D is not a union of disjoint circles embedded in the plane. Then both spectral sequences {E r (L)} and {E r (L)} 
from Theorem \1.5\ collavse exactly at their E w+ \-pages. 

Proof. From Lemma Tl. 101 we know that {E r (Fi >s )} and {E r (Fi iS )} both collapse exactly at their iVpages, 
while {-E r (Ii,m,s)} and {E r (Ti irritS )} both collapse exactly at their E2km+ i-pages. So this corollary follows 
from Theorem II. Ill □ 

Definition 1.15. For an oriented link L, denote by H^ J (L) the component of Hn(L) of homological degree 
i and polynomial degree j. Define the sl(N) homological thickness hti\r(£) and the local sl(N) homological 
thickness Hit at (L) of L to be 

(1.19) ht N (L) = max{l + ^n+h) - (2i 2 +j 2 )} \ H^(L) + 0, H%*(L) + 0,} 

(1.20) lhtjv(L) = max{ ' n ~ 32 \ 3i G Z, such that H% h {L) ^ 0, iJ^ lj2 (L) ^ 0.} 

Of course, Y&n(L) is a naive generalization of the homological thickness of the rational Khovanov homology. 
From their definitions, one can see that Hit at (L) < htjv(L) for any L. See [1] Table 2] for an example of 
lht 2 (i) < ht 2 (i). 

Corollary 1.16. If H N {L) ¥ H P {L) := ® i£Z H P (L), then tw P (L) < 21htjv(L) < 2U N (L). 

Proof. By Corollarv ll.81 each torsion component (C[a]/(a m ))||j||{s} of Hp(L) generates a pair of 1-dimensional 
components of Hm{L): C||i||{s} and C||i — l||{2fcm + ,s}. Corollary 11.161 follows from this observation. □ 

^We use the convention that twp(L) = if Hp(L) is a free C[a]-module. 
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The pairing of C||z||{s} and C||z — l||{2fcm + s} is a generalization of [7J Theorem 1.4], which states that, 
except those with homological degree 0, all homogeneous generators of the rational Khovanov homology of 
an alternating knot are paired into pairs of bi-degree difference ( — 1,4). In fact, we can use the torsion width 
to recover this theorem. We state this in the following corollary. 

Corollary 1.17. [7J Theorem 1.4] Suppose N = 2, dega = 4 and P(x,a) = x 3 — ax. Assume the knot 
K is not the unknot and lht2(A") = 2. Then tw p(K) = 4 and, consequently, there exist pairs of integers 
,(»„,*„) such thatH 2 {K) ^ # P (JO © ©r=i( C ll*lllfo} © C ll*l ~ l \\{ s l + Q)- 

Proof. If Hp(K) is a free C[a]-module, then, by Corollary II .81 H2(K) = 'Hp(K), which is 2-dimcnsional by 
[7J Theorem 4.2]. Thus, by [SJ Theorem 1.1], K is the unknot, which contradicts our assumption. So Hp(K) 
has torsion. Since dega = 4, its torsion width is at least 4. On the other hand, by Corollary 1 1.1 61 we have 
tw p(K) < 21ht2(-fT) = 4. Therefore, tw p(K) = 4, which means all torsion components of Hp{K) are of the 
form C[a]/(a)||i||{.s}. The decomposition of Hi(K) in the corollary then follows from Corollary II .81 □ 

1.6. Organization of this paper. We review the constructions of Hp, E r (L) and E r (L) in Sections [2] and 
|3l Then we prove the decomposition theorems in Section |4] 

We assume the reader is somewhat familiar with the construction of the si(N) Khovanov-Rozansky ho- 
mology in [4]. 

2. Definition of H p 
In the remainder of this paper, N and k are fixed positive integers with N > k. 

2.1. Graded and filtered matrix factorizations. Let R = C[xi, . . . , x m , a], where x\, . . . , x m are homo- 
geneous variables of degree 2 and a is a homogeneous variable of degree 2k. We endow two structures on 
R: 

• The polynomial grading with degree function deg given by deg(a ; 111=1 x i) = 2fcZ + Eti 

• The x-filtration = T^R C J*R C • • • C T 7 *R C • ■ • such that a 1 f]™ i x\ G T^R if and only if 
YhLi Mi ^ n - Tne degree function deg^ of T x is given by deg x (a l = Yn=i 2 '«- 

Unless otherwise specified, when we say an element is homogeneous, we mean it is homogeneous with respect 
to the polynomial grading. 

Definition 2.1. Let M be an i?-module. We say that M is a graded i?-module if it is endowed with a 
grading M = Mi such that, for any homogeneous clement r of R, rMi C Mi +( \ cgr . We say that M is 
an ^-filtered i?-modulc if it is endowed with an increasing filtration T x such that, for any element r of R, 
rJ*M c Ji +dog * r M. 

Definition 2.2. Let w be a homogeneous element of R with degw = 2N + 2. A matrix factorization M of 
w over R is a collection of two free i?-modules M°, M 1 and two R- module homomorphisms d° : M° — > M 1 , 
d 1 : M 1 — > M a , called differential maps, such that d 1 d° = w ■ id M o and dPd 1 = w ■ id M i. We usually write 

M as M° ^ M 1 A A/ . 

We call M graded if M°, M 1 are graded i?-modules and d°, d 1 are homogeneous homomorphisms with 
degd = degd 1 =N+1. 

We call M .T-filtered if M° and M 1 are x-filtered R- modules and deg^. d°,deg x d 1 < N + 1. 

In the definition of Hp, we use only Koszul matrix factorizations defined below. 

Definition 2.3. Let b and c be homogeneous elements of R with deg (be) = 2N + 2. Denote by (b, c)p the 
Koszul matrix factorization 

R \ R{N + 1 - degb} A R, 

where b, c act on R by multiplication and "{s}" means shifting by s both the polynomial grading and the 
cc-filtratior0 of R. This matrix factorization of be is both graded and x-filtercd. 



5 That is, in R{s}, dcg(a ! Y\Zi *i) = s + 2M + Efci 2l i and dcg x (a l UZi x i) = s + T,Zi 2l i- 
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For homogeneous elements b\ ■ ■ ■ , b n , ci, • • • , c n of R with deg(6iCi) = 2N + 2, i = 1, • • • , n, denote by 

( h Cl \ 

\b n C n J R 

the Koszul matrix factorization (61, c\)r <S5r (fr 2 ,c 2 ).R ®r ••• ®r (b n ,c n )R. This matrix factorization of 
w = J27=i bi c i is again both graded and x-filtered. 

When R is clear from context, we drop it from the notation. 

Definition 2.4. As a free i?-module, (b, c)r has a basis {lo, li}, where 1 £ is the "1" in the copy of R with 
Z 2 -grading e. More generally, the tensor product 

/ 61 ci \ 

(6i,ci)ij (6 2 ,c 2 )i? ®fl • • ■ 8>h (b n ,c n ) R 



l £n . We call {l,?} the standard basis for this 



has a basis {lg \ e= (ei, . . . , e„) € }, where lr = l El <8) • 
Koszul matrix factorization. 
Note that 

• {1^} is a homogeneous basis with respect to the polynomial grading. 

• deg lg = deg x lg for every e. 

• dc Ex(J2gf^r) < I if and only if deg,, fg<l- dcg x lg for every e. 

The following simple observation is very useful in the proof of the decomposition theorems in Section [4] 

Lemma 2.5. Suppose M is a Koszul matrix factorization as defined above and p is a homogeneous element 
of M . Then &eg x p < deg p, and deg x p < deg p if and only if p G aM. 

Proof. Let {lg} be the standard basis for M. Then p = ^Zgfglg, where fg is a homogeneous element of R 
with deg fg = deg p — deg lg. Note that, for every / £ R, deg x f < deg /, and deg^. / < deg / if and only if 
/ € aR. So deg x p = max^deg.,. fg + deg x lg) < max<?(deg fg + deg lg) = deg p. Moreover, deg^, p < deg p if 
and only if deg^. fg < deg fg for every e if and only if fg £ aR for every e. □ 

2.2. The matrix factorization associated to a MOY graph. 

Definition 2.6. A MOY graph V is a finite oriented graph embedded in M? with the following properties: 

(1) Edges of r are divided into two types: regular edges and wide edges. 

(2) Vertices of T are of two types: 

• endpoints: 1-valent vertices that are endpoints of regular edges, 

• internal vertices: 3-valent vertices with 

— either two regular edges pointing inward and one wide edge pointing outward, 

— or two regular edges pointing outward and one wide edge pointing inward. 

We say that T is closed if it has no endpoints. 
A marking of T consists of 

(1) A finite set of marked points on T such that: 

• every regular edge contains at least one marked point, no wide edges contain any marked points, 

• every endpoint of T is marked, none of the internal vertices are marked. 

(2) An assignment that assigns to each marked point a different homogeneous variable of degree 2. 

In the rest of this subsection, we fix a MOY graph T and a marking of T. Assume x±, . . . ,x m are the 
variables assigned to the marked points of T. Define R = C[xi, . . . , x m , a], where a is a homogeneous variable 
of degree 2k. Let P(x, a) be the homogeneous polynomial given in p. II) . 

Now cut r at all the marked points. This cuts V into a collect of simple marked MOY graphs T±, . . . , T n , 
each of which is of one of the two types in Figure [1] 
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Figure 1. Pieces of T 

Define 

(2.1) ^ = P( "" a) : P( ^' a) . 

Xi Xp 

Since P(x iy a) + P(xj,a) is symmetric in and Xj, there is a unique polynomial G(X,Y,a) satisfying 
G(xi + Xj, XiXj, a) = P(xj, a) + P(xj, a). Define 

(i) G(xj + Xj, XiXj,a) - G(x p + x q , XjXj,a) 

i . ' 

, , (o) G{Xp ~\~ Xq 7 XiXj^ Cbj G{Xp ~\~ Xq^ XpXq^ 0?j 

[ - Z - 6 > U i,j;p,q = T T - -T T ' 

•xji>xjj if-i p t/.' q 

Note that Uj-,-, „, „ are all homogeneous elements of R. 

Definition 2.7. 

(2.4) Cp(r j;p ) := (v iiP ,Xi -x p ) R , 



(2-2) u Wtq 

V j *Xj p *Xj q 



(2.5) gp(t wm ) := ( -« i {-i>, 



U i,j;p,q Xl ' X 3 
(2)' 

U i,j;p,q XiXj XpXq 



R 



(2.6) C7 P (r) := Cp{T 1 )® R Cp{T 2 )® R ---® R Cp{T n ). 

Note that 

(1) Cp(Ti- p ) is a Koszul matrix factorization of Wi- P = P(xi,a) — P(x p ,a). 

(2) Cp(Tij-p tq ) is a Koszul matrix factorization of Wij- P . q = P(xi,a) + P(xj,a) — P(x p , a) — P(x q , a). 

(3) Cp(r) is a Koszul matrix factorization of 

w= ^2 ±P(xi,a), 

Xi is assigned to an endpoint. 

where the sign is positive if T points towards the corresponding endpoint and is negative if T points 
away from the corresponding endpoint. In particular, w = if T is closed. 

Definition 2.8. For a closed MOY graph T, 

(1) define Hp(T) to be the homology of Cp(r), which inherits the polynomial grading, the x-filtration 
and the Z2-grading of Cp(r), 

(2) define 77jv(r) to be the homology of Cat (r) := Cp(r)/aCp(r), which inherits the polynomial grading 
and the Z 2 -grading of Cjv(r), 

(3) define Hp(T) to be the homology of C P (T) := C P (T)/(a - 1)C P (T), which inherits the x-filtration 
and the Z2-grading of Cjv(r). 

2.3. The chain complex associated to a link diagram. A marking of a link diagram D consists of 

(1) a finite collection of marked points on D such that none of the crossings are marked and every arc 
between two crossings contains at least one marked point, 

(2) an assignment that assigns to each marked point a different homogeneous variable of degree 2. 

Let D be an oriented link diagram with a marking. Assume X 1 .... ^ X jyL 6 the variables assigned to the 
marked points of D. Define R = C[xi, . . . ,x m ,a], where a is a homogeneous variable of degree 2k. Cut D 
at its marked points. This cuts D into simple pieces D\, . . . , D„ of the types shown in Figure [5] 



i,j;p,q 



c i,j;p,q 



Figure 2. Pieces of D 



We define the chain complex Cp(Ti ;p ) to be 



(2.7) 



c P (r l;p ) = o^c P (r i;p )||o|| ->o, 



where the term "Cp(Ti ;J ,)" on the right hand side is the Koszul matrix factorization defined in Definition 
12.71 and "||0||" means this term has homological degree 0. 
To define ■ ), we need the following lemma. 



r 1 1 r ■ 



Figure 3. Homomorphisms xo and Xl 



Lemma 2.9. [31 El H3] Up to homotopy and scaling, there is a unique homotopically non-trivial homomor- 
phism xo '■ Cp(Ti- p UTj- q ) — > Cp(Tij- Ptq ) with degxo = 1- And, up to homotopy and scaling, there is a unique 
homotopically non-trivial homomorphism xi '■ Cp(Tij. pjj ) — > Cp(Ti- p U Tj ;q ) with dcgxi = 1. Moreover, 
these homomorphisms satisfy deg x xo = deg x xi = 1 an d, up to scaling, xi ° Xo — (x P — Xj)idc P (r f . ur-. )> 
Xo °Xi ^ (x p - x 3 )id Cp{rt r ^ q) . 

Proof. The uniqueness of xo and Xi is proved in a more general setting in |13[ Lemma 4.13]. Here, we only 
recall the explicit construction of xo and Xi given by Krasner in [5], which is a straightforward generalization 
of the corresponding construction by Khovanov and Rozansky in [3]. 
Recall that 



Cp(r i;p u Tj iq ) 

where d° = 



Vi-r 



Vi-, 



■ ' q 

.1 ii 



Xi 



R 


d° 


' R{1 -n} ' 


d 1 


R 


R{2-2n} 




R{1 - n} 




R{2-2n} 



Vi-o 



-Vi-, 



and that 




X | X q 



■ I ■■ ■) . / ■ I 



Xr>Xn 



{-1} = 



R{- 


1} 


6° 


R{-n} 


S 1 


R{-1} 


i?{3- 


2n} 




R{2-n} 




R{3-2n} 



2> 



~X% Xti \ X n ~\~ X n 



(2> 



X z Xj XpXq 



In the above explicit forms of Cp(Ti iP \JTj. q ) and Cp(Tij ;Ptq ), define xo : Cp(Ti- p UTj- q ) — > Cp(Tij- iP , q ) by 



Xo 







z 1 
1 

%t Xt <Y} ~ X 



and xl = 



1 



by the matrices y? = ( ) and xl = ( i ^ ) , where z = — w,- 2 ).„ „ 

It is straightforward to verify that xo and xi satisfy all the properties in the lemma. 



-x 
1 

1 X 



, and define xi : Cp(T itj . p>q ) Cp(r i;p U Fj ;g ) 

(!) , ( 2 > 



□ 



We define 

(2.8) Cp(ct j9>q ) = -> C P (T itj;M )\\ - 1\\{N} ^ c P (r l;p U r ii9 )||0||{JV - 1} ->■ 0, 

(2.9) c P (c- rpq ) = O^Cp^ur^^HOlKl-iVl^Cp^^^llllK-TVl^O. 

Definition 2.10. C P (D) = C P {D{) ®r---®r C P (D n ), where C P (A) is defined in (pTfjl . ff278]> and (|2~9l) . 

We call the resolution c i • r i;J) U rj ;g a O-resolution and c 4 • ~» r ij;P:9 a (±l)-resolution. If 

we choose a 0- or (±l)-resolution for each crossing in D, then we get a MOY graph, which we call a MOY 
resolution of D. Of course, the marking of D induces a marking of each MOY resolution of D. Let AiOy(D) 
be the set of all MOY resolutions of D. Denote by w the writhe of D. For each T 6 MOy(D), let 

h(T) = (# of (+ Irresolutions in T) - (# of (- Irresolutions in T). 

Then, as Z ffi2 -graded i?-modulcs, 

(2.10) C P (D)= C P (T)\\-h(T)\\{(N-l)w + h(T)}. 

reMoy(D) 

Note that every MOY resolution r of D is a closed MOY graph. So Cp(r) is a Koszul matrix factorization 
of and, therefore, a ^-graded chain complex]^ Thus, the differential maps of the matrix factorizations of 
the MOY resolutions of D give rise to a differential map d m f on Cp(D) satisfying: 

• dmf is homogeneous with deg d m f = deg x d m f = N + 1, 

• d m f preserves the homological grading. 

The differential maps of Cp(Di) give rise to a differential map d x of Cp(D) satisfying: 

• d x is homogeneous with deg d x = deg^ d x = 0, 

• d x raises the homological grading by 1. 

As in (|1.2|) . Hp(D) is defined to be Hp{D) = H(H(Cp(D), d m f),d x ), which inherits both Z-gradings and 
the x-filtration of Cp(D). The invariancc of Hp(D) is stated in Theorem ll.il 



3. The Lee-Gornik Spectral Sequence 

In this section we review the construction of E r {L) and construct E r (L). 

3.1. Structure of Hp(T). Let T be a closed MOY graph with a marking. As before, assume x\, . . . , x m are 
the variables assigned to the marked points of V and define R = C[x±, . . . , x m , a], where a is a homogeneous 
variable of degree 2k. P(x, a) is the homogeneous polynomial given in ([l.ip . 

If we replace every wide edge in T by a pair of parallel regular edges, that is, change I\; .j- Pt q to i\ ;p U Tj ]q 
in Figure El then we change T into a collection of oriented circles embedded in the plane. Denote by e the 
total rotation number of this collection and call e the rotation number of T. Furthermore, denote by Hp(T) 
(resp. Hp(T)) the component of H P (T) (resp. H P (T)) of Z 2 -grading e and by H^ n {T) the component of 
Hn(T) of Z2-grading e and polynomial grading n. 

Lemma 3.1. [21 Proposition 3.2] As C-linear spaces, 

(3.1) ^ +1 (r) = o, 

(3.2) J^HUry^HHT) = H^ n (T). 

See for example pT] Proposition 2.19] for a complete proof of Lemma [3.11 Slightly modifying this proof, 
we get Lcmma l3.2l which is mentioned in [15) without proof. Since certain technical aspects of its proof are 
needed later on, we prove Lemma 13.21 in details here. 



Lemma 3.2. As graded C[a]-modules, 

(3.3) H P +1 (T) = 0, 

(3.4) T2H P {T)/r:- x H P {T) = H^{T)® c C[a] 



®Cp(D) and Hp(D) both inherit this Z2-grading. But this Z2-grading on Hp(D) is always pure and equal to the number 
of Seifert circles of D. So, unless otherwise specified, we do not keep track of this grading. 
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Proof. Note that Cp(T) is also a graded C[xi, . . . , x m ]-module and F x is the increasing filtration induced 
by this grading structure. We call the grading of the graded C[xi, . . . , x m ]-module Cp(F) the x-grading of 
Cp(T). Denote by do and d\ the two differential maps of the matrix factorization Cp(T). We decompose do 
and d\ into sums of homogeneous components with respect to the x-grading. That is, 

LfJ 

(3.5) d = Y, 

1=0 

LfJ 

(3.6) di = °' d i°> 

1=0 

where d^' and d^ are i?-module homomorphisms and satisfy: 

• they are homogeneous with respect to both the polynomial grading and the x-grading, 

• degd^ = degd^ = dcg x d ( l) = dcg x d® = N + 1 — 2lk. 

Recall that Cp(T) is a matrix factorization of 0. So do °di = and d\ odo = 0. Comparing the homogeneous 
parts with respect to the x-grading, one gets that, for any I > 0, 

(3.7) J2 d o ] ° d t i] =0, 

i=0 

(3.8) ^d«od^=0, 

i=0 

where we use the convention that d!^ = and d± = if i > \_jr\- 

By the definition of Cjv(r), there is an isomorphism of Z 2 -periodic chain complexes of C[a]-modulcs 

rf (Q) AO) 

C N (T) ® c C[a] = C° P (T) -H-> C P (T) ^ C° P (T), 

that preserves the Z2-grading, the polynomial grading and the x-grading. So there is an isomorphism of 
C[a]-modules 

(3.9) H N (T)(g> c C[a} =i H(C P (T),d^) 

preserving the Z 2 -grading, the polynomial grading and the x-grading. 

Now we are ready to prove that Hp +1 (T) = 0. From gj , we know that H^ 1 (T) = 0. So H £+1 (C P (T) , d^ ) = 
0. That is, Im(de ) = ker(d^ C JJ 1 ). Let a be any element in kerd e+ i that is homogeneous with respect to the 
polynomial grading with dega = g. Recall that dega = 2k. So, when we decompose a according to the 
x-grading, we get a = Yli=-oo ai > wnere a i is homogeneous with respect to both the polynomial grading and 
the x-grading with dega; = g, deg x ai = g — 2kl. Of course, ai = for I < and / 3> 1 since the x-grading 
is bounded below. 

Next, we construct inductively a sequence {Pi}^^ C Cp(T) such that 

(1) Pi = for I < 0; 

(2) each Pi is homogeneous with respect to both the polynomial grading and the x-grading; 

(3) dcg/3; = g - N - 1 and deg,, Pi = g-2kl-N - 1; 

(4) ai = atdfPi-i for all I e Z. 

Again, since the x-grading is bounded below, Pi — for I 3> 1. Note that {/3;}Z^o is the zero sequence and 
satisfies conditions (1-4) for I up to — 1. Now assume that, for some I > 0, there is a sequence {Pi} l ~^a satisfies 
conditions (1-4) up to I — 1. Let us construct Pi. In the equation d e +ia = 0, compare the homogeneous 

li 



parts with respect to the aggrading of x-degree N + 1 + g — 2lk. This gives us 



LfJ LfJ 

= Yl = + E ajd % a i-o 

3=0 J = l 

LfJ LfJ 

= d%at + £ a j d% £ atd^Pi-j-i 

j=l i=0 

2 LfJ 

= dSxoiH- E «n E d2i4°)A-p 

p=i i+j=p, o<*< LfJ, i<i< LfJ 
LfJ LfJ 

(by (32} and §M) = 4+i«Z ~ E « P 4+i4 p) A-p = 4?i(«i ~ E A-p)- 

p—i p— l 

I N I 

So on — Y^p=i a> p de A-p 6 kcr(4+i) = Im(4°')- Therefore, there is a /3; satisfying conditions (1-2) such 

that Pi = on — X)p=i aP de^ fii- v - Thus, {/3/jLoo satishes conditions (1-4) above. This completes the 
inductive construction. Note that X^-oo A * s a nmt e sum and therefore a well defined element of C e P (T). 
We have 

OO OC L k J 

a = E a; = E E a^A-* 

I — — OO / — — OO 2—0 

I jv I I jV I 

LfcJ OO L k J OO 

= E « l 4 l) ( E a-,) = E ° 4 4 4) ( E a) 

2—0 I — — OO 2—0 1 — — OQ 

OO 

= d e ( J2 A)- 

l — — oo 

So a 6 Imd e . This shows Im(d e ) = ker(d e+ i) and therefore i/p +1 (r) = 0. 
It remains to prove (|3.4p . According to (|3.9[) . we only need to show that 

(3.10) J»H B P V)/J*- 1 H e P V) = H*' n (C P (T), d^), 

where i? e '™(Cp(r), d^ ^) is the direct sum component of the free C[a]-module H (Cp(T), d^) consisting of 
homogeneous elements of Z2-grading e and x-grading n. 

Denote by (kerd|° ) n the C[a]-submodule of kerc^ ' consisting of elements homogeneous with respective 
to the x-grading of x-degree n. Next, for every a £ (kerdi )„, we construct by induction a sequence 
{«i}o° C C|,(r), such that «o = a, ai is a homogeneous clement with respective to the x-grading of x-degree 
n — 2lk, and 

l 

(3.11) Y a Jd e )a i-j = 0, V / £ Z, 

3=0 

where we use the convention that d e = for j > LxJ ■ Again, since the x-grading is bounded below, a; = 
for I ^> 1. Clearly, {a/}g with ao = a satisfies the initial condition and equation (3. lip up to I = 0. Assume 
that, for some I > 1, {a/}g 1 is constructed and satisfies the initial condition and equation (3. lip up to I — 1. 
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Let us find an a>i. Note that 

3=1 3=1 

i 3-1 

fbv (|37f l> and ([3^ ]) 1 = - ^ a? ^ d^ d« aj_ j 

3=1 »=0 
i-1 p 

(setting p = I — j + i) = - a ^ P £ 0<t fci' )d = }< V-i 

p=0 i=0 

p=0 i=0 

(by induction hypothesis) = 

But F £+1 (Cp(r),d(°)) = 0, that is, Im(4 0) ) = kcr(4+i)- So there is an a t £ Cf,(r) homogeneous with 
respective to the x-grading of x-degree n — Ilk satisfying di°^ai = — Y^j=i Q?<$Pcxi—j- Thus, the sequence 
{o^Iq satisfies the initial condition and equation (|3.11[) up to I. This completes the induction and we have 
the sequence {a;}g°. As explained above, a; * s m ^ ac ^ a nn it e sum and therefore a well defined 

element of Cp(T). Note that the homogeneous part of d e Q3^o a ') w ith respect to the x-grading of x-degree 
N + 1 + n — Ilk is 5Zj*=o a l-j = by equation (|3.11[) . This implies that d £ (^^t Q ai) = 0, that is, 

Eto a i is a c y cle in (Cp( r )^)- 

Define 4> n : (kerdi 0) )„ -> 7£fff ) (r)/JJ- 1 Ff,(r) by a ^ E| " a;]. Since the top homogeneous compo- 
nent of Xz*^o «i with respect to the x-grading is ao = a, one can see that 4> n {ot) does not depend on the choice 
of and is well defined. It is also easy to verify that <f> n is a C[a]-module homomorphism preserving the 

polynomial grading. Moreover, <p n is surjective. To see this, note that any element of J 7 " Hp(T) / 'T™~ x Hp(T) 
can be expressed as E^ az], where ol\ is a homogeneous element with respective to the x-grading of x- 
degree n — Ilk and d e a i = 0- Comparing the top homogeneous parts with respect to the x-grading on 
both sides of this equation, one gets di° a® = 0, which means «o G (kerdi° )„. By the definition of 0„, one 
easily sees that (f> n (ao) — Ei=o a ' 

'geneous component of Imd^, 

>) 



Denote by (Imd^ 1 )„ the homogeneous component of Imd£lx with respect to the x-grading of x-degree 
n. We prove isomorphism (|3.10[) by showing that kcr^„ = (Imd£_x)n- Assume a £ kcr</>„ and {az}§° is a 



sequence given by the above inductive construction. Then 

oo 

(3.12) ^a l =d e+1 p + 1 , 

1=0 

where 7 is a cycle in J r " _1 Cp(r), and j3 £ Cp +1 (T) satisfying d £+ \(3 £ F^Cp{T). We claim that we can 
choose /? so that deg^. (3 < n — N — 1 . Assume that deg^, /3 = g > n — N — 1 and denote by /3o the top 
homogeneous part of /3 with respect to the x-grading. Comparing the top homogeneous parts with respect 
to the x-grading on both sides of equation (|3.12[) . we have d^ifta — 0. So there exists a homogeneous 

Mi 



E+l 

element 6 £ Cp(T) of degree g-N -1 such that dl v >8 = /3 . Let @' = f3 - d e 9. Then (3' also satisfies the 
above equation, and deg^ /?' < deg^, (3. Repeat this process. Within finite steps, we get a /3 £ Cp +1 (T) with 
deg x (3 < n — N — 1 and 



(3.13) ^T i a l =d e+1 $ + r 



1=0 



Let /3o be the homogeneous part of f3 with respect to the x-grading of x-degrec n — N — 1. Comparing 
the top homogeneous parts with respect to the x-grading on both sides of equation (|3 . 1 3|) . one can see that 
ol = Q'o = d^hfio- This shows a £ (Imd^ 1 )„. So ker^„ C (Imd^jjn. On the other hand, if a £ (Imd^ 1 ) n , 
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then a = for some (3 <G Cp +1 (T) homogeneous with respect to the x-grading of x-degree n — N — 1. So 

JV 

oo oo oo L k J 

X! = + X = + ai - X ai 4+l^) e ker 0„. 

/=o /=i ;=i j=i 

Thus, (Imrf^j),, C ker</>„. This shows (Imti^ 1 ) n = kcr</>„ and, therefore, </>„ induces a C[a]-module 
isomorphism 0„ : H £ ' n (C P (T), d^) H P (T) / F^ 1 H e P (T) preserving the polynomial grading. □ 

Corollary 3.3. Let V be a closed MOY graph. Then 

(1) Hp(T) is a finite dimensional C-space and its x-filtration is bounded and exhaustive. 

(2) Hp{T) is a finitely generated graded-free C[a]-module and its x-filtration is bounded and exhaustive, 
where "graded-free" means Hp(T) is graded, free and admits a homogeneous basis. 

Proof. From [3], we know that Hn(T) is finite dimensional and its polynomial grading is bound above and 
below. In addition, by their definitions, we know that the x-filtrations of Hp(T) and Hp(T) are bounded 
below and exhaustive. Using Lemmas 1 3 . 1 1 and 1 3 . 2 1 one can inductively prove that, for every n, 

• F"Hp(T) is a finite dimensional C-space, 

• F™H P (T) is a finitely generated free C[a]-module. 

Lemmas 13.11 and 13.21 also imply that the x-filtrations of Hp(T) and Hp(T) are bounded above. Thus, 

• f/p(r) is itself a finite dimensional C-space, 

• f/p(r) is itself a finitely generated free C [a] -module. 

Finally, since the polynomial grading of Hp(T) is bounded below, we know that Hp(T) is a graded-free 
C[a]-module by, for example, [TH Lemma 3.3]. □ 

3.2. E r (L) and E r (L). Using Lemmas 13.11 13.21 and Corollary 13.31 it is straightforward to prove Theorem 
11.51 We summarize the key observation in the proof as the following lemma. 



Lemma 3.4. Suppose T\ is a closed MOY graph and T is obtained from Ti by replacing a wide edge by a 
pair of parallel regular edges^\ Denote by n P (r ) , > dpCT-A the homomorphisms induced by this local 

Xl 

change and by Xo \ X] '' ^ e t°P homogeneous parts of Xo> Xi with respect to the x-grading. In addition, we 
denote by d^ the top homogeneous parts of the differential maps of Cp(Tq) and Cp(T{) with respect to the 
x-grading. Then 

(0) 

jr\\ Xq [r.\ 

• (Cp(rp) ,d f) ~ > (Cp(rp), d mf ) are homomorphisms of matrix factorizations ofO. 

J (0) J 

Xi 

• The following squares commute, where e is the rotation number ofT and Ti, and 4> n ,T a , 4>n,Ti are 
the isomorphisms constructed in the proof of Lemma \3.2l 

H^(C P (To),di° n \.) ^X. ^H P (To)/rr 1 Hp(To) H^{C P {Y 1 ),d^) -H 1 J^Hf,(T 1 )/J^- 1 H%{T 1 ) 



xi 0) 



(<)) 



H^Cp^d^) —^^n H e p{ri)/rr l H e p{Tl) H ^(C P (T ), <Q) —^^HpiY^/T^Hp^) 

Proof. This lemma follows easily from the constructions of xo 5 Xi an d 4>n- We leave the details to the 
reader. □ 



It is now very easy to prove Theorem 11.5 



That is, replacing a piece of Ti of the form Fi,j;p q in Figure[3]by Vi p U Tj^ in the same figure. 
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Proof of Theorem ] 1.51 By Corollary |3.3l the x-filtrations of H(Cp(D), d m f) an d H(Cp(D), d m f) are bounded 
and exhaustive. So E r (L) and E r (L) converge to Hp(L) and Hp(L), respectively. It remains to show that 
Ei(L) = Hn(L) and E\{L) = Hm(L) <S>c C[a]. The proofs of these isomorphisms are very similar, and 
the proof of E\{L) = Hn(L) can be found in [3J [TT]. So we only prove E\(L) = Hn(L) (g>c C[a] here. 
By Lemma 13.41 wc know that Eq(L) is isomorphic to the chain complex (If (Cp(-D), d^), ), where 
^m/ ano - are the top homogeneous parts of d m f and d x with respect to the ^-grading of Cp(D). So 
E\{L) = H(H(Cp(D), d^), d^). On the other hand, by the definition of Hn(L), it is easy to see that 
ff(F(Cp(D),d^),4 0) ) = -ffjv(i)®cC[a]. So#i(L)e*JJj>r(.L)®cC[o]. □ 

4. Decomposition Theorems 

In this section, we prove Theorems 11.71 11.111 and explicitly compute the spectral sequences of the filtered 
chain complexes i^, s , 7i jjn s , Fi >s and Ti_ 7ritS defined in (|1.9p - (|1.12l) . 

4.1. A closer look at J^. To prove Theorems 11.71 and 11.111 we need to better understand the relation 
between the polynomial grading and the x-filtration. The goal of this subsection is to show that, for a closed 
MOY graph T, any direct sum decomposition of Hp(Y) in the category of graded C[a]-modulcs is also a 
direct sum decomposition in the category of filtered C-spaces. Theorems 1 1 . 71 and 11.111 both follow from this. 

In the rest of this subsection, T is a closed MOY graph with a marking, x\, . . . ,x m are the variables 
assigned to the marked points of Y and R = C[xi, . . . , x m , a], where a is a homogeneous variable of degree 
2k. P(x,a) is the homogeneous polynomial given in (|1.1[) . Unless otherwise specified, when we say an 
element is homogeneous, we mean it is homogeneous with respect to the polynomial grading. 

We start with simple observations. 

Lemma 4.1. Let M be a finitely generated free C[a]-module and {vi} a basis for M . For any A £ C, denote 
by tt\ : M —> M/(a — X)M the standard quotient map. Then {ft\(vi)} is a basis for the C-space M/(a — X)M . 

Proof. Since {w,} spans M, we know that {^x(vi)} spans M/(a — X)M. It remains to show that {^\{vi)} 
is linearly independent. Suppose {q} C C satisfies X^Ci^A^i) = 0. Then J2i°i v i e ( a — A)M. Therefore, 
there are fi £ R such that J^. Cji>, = (a — A) fivi- That is, X^( c i ~ ( a ~ tyfi) v i — 0- Since {vi} a basis 
for M, this means Cj — (a — X)fi and, therefore, a = fi = for every i. □ 

Lemma 4.2. for / g R, denote by fi the homogeneous component of f with deg fi = i. Then deg x fi < 
deg x f for every i . 

Proof. Obvious. □ 

Lemma 4.3. (1) If u £ T x Cp(Y), then all homogeneous components of u are also in J-"Cp(Y) . 
(2) If [u] £ !F"Hp{Y), then all homogeneous components of [u] are also in J- x Hp{Y). 

Proof. Cp(Y) is a Koszul matrix factorization. Denote by {lg} the standard basis for Cp(Y) given in 
Definition 12.41 Recall that {l^*} is a homogeneous basis with respect to the polynomial grading. 

To prove Part (1) of the lemma, assume u £ JF£Cp(Y) and denote by Uj the homogeneous component 
of u with AegUi = i. Every Ui can be uniquely expressed as Ui = ^-j 1>e -l £ -, where gi g is a homogeneous 
element of R with d&gg^g = % — degl?. Then u = J2i u i = Yl?(52i 9i,e) ^-S- Since u £ T x Cp(Y), we have 
dega, J2i 9i,e < n ~ deg,,, le f° r every e. Note that gt t g is the homogeneous component of J2i 9i,s °f polynomial 
degree i — deg lg. Thus, by Lemma \4. 21 we have deg^. g^g < n — deg,,. 1?. So deg^ Ui = deg x g^glg < n. 
This proves Part (1). 

To prove Part (2), note that [u] is represented by a cycle u £ J 7 "Cp(Y). Denote by Ui the homogeneous 
component of u with deg Mi = i. Since the differential of Cp(r) is homogeneous, each m is a cycle, and [ui] is 
the homogeneous component of [u] with deg[ui] = i. Then Part (2) of the lemma follows from Part (1). □ 

By Lemma 13.31 Hp(Y) is a finitely generated graded- free C[a]-module. The next lemma determines the 
.T-filtration degrees of elements of homogeneous bases for Hp(Y). 

Lemma 4.4. Let {[uj]} be any homogeneous basis for the free C{a]-module Hp(Y). Then dcg x [uj] = dcg[uj] 
for every j . 

is 



Proof. By Lemma 12. 51 we know that deg^Uj-] < deg[uj] for every j. Assume n = deg^itj] < deg[itj] = Z 
for a certain j. Then [uj] is represented by a cycle Uj G J- x Cp(T). Denote by Uj% the homogeneous 
component of Uj with degu^, = i. By Lemma |4.3[ wc know that Ujj G J- x Cp(T) for every i. Also, since the 
differential of Cp(T) is homogeneous, each Ujj is itself a cycle. By comparing the homogeneous components 
in [uj] = J2i[ u j,i\i we g ^ \ u j\ = \ u jA an d \ u jA = if i 7^ Z. Note that deg^, u^; < n < Z = elegit^. So, by 
Lemma [^751 Ujj = av for some v G Cp(T). It is easy to see that v is a homogeneous cycle in Cp(T) and that 
{[v]} U {ui | « 7^ j} spans Hp(T) and is C[a]-linearly independent. In other words, {[v]} U {[uj] \ i j} is 
also a basis for Hp(T). But this is impossible because, if this is true, then the determinant of the change- 
of-coordinates matrix from the basis {[i«j]} to the basis {[v]} U {[ui] | i ^ j} is a, which is not invertible in 
C[o]. □ 

Definition 4.5. Denote by ttq : Cp(T) — >• Cjv(r)(= Cp(T)/aCp(T)) the standard quotient map. To keep 
notations simple, we denote again by ttq : Hp (T) — > .Hat (r) the homomorphism induced by the quotient map 

7T . 

Recall that On(T) inherits the polynomial grading of Cp(T) via ttq, which makes ttq a homogeneous map 
of degree 0. Moreover, Cjv(r) also inherits the x- filtration of Cp(T) via ttq. It is easy to see the a;- filtration 
of Cjv(r) is the filtration induced by its polynomial grading. 

Lemma 4.6. ttq : Hp(T) —> Hn(T) is a surjective homogeneous homomorphism with deg7To = and 
ker7To = aHp(T). Moreover, any homogeneous basis for the free C[a]-module Hp(T) is mapped by ttq to a 
homogeneous basis for the C-space H^(T). 

Proof. By its definition, we know that ttq : Hp(T) — > Hn(T) is a homogeneous homomorphism with deg7To = 
0. The short exact sequence — > Cp(T) A- Cp(T) Cjv(r) — > induces a long exact sequence 

► H e N +1 (T) -> Hp(T) A Hp(T) ^ H £ N (T) -> Hp +1 (T) A H e P +1 (T) ^ H £ N +1 (T) -> • • ■ 

with Z2 homological grading, where e is the rotation number of V. From [J], we know that iJ^ t_1 (r) = 0. By 
Lemma 13721 wc know that Hp +l (T) = 0. So the above long exact sequence becomes a short exact sequence 



-> ffp(r) A Fp(r) ^» Fjv(r) -> o. 

It follows from this that ttq : Hp(T) —> Hjsr(T) is surjective and ker7ro = aHp(T). The statement about 
bases follows then from Lemma |4~T1 □ 



Lemma 4.7. For any [u] G Hp(T), [u] G F x Hp(T) if and only if a[u] G T x Hp(T). 

Proof. Since the map Cp(T) A Cp(T) preserves the x-filtration, so does the map Hp(T) A Hp(T). Therefor, 
a[u] G FSH P {Y) if [u] G F£H P {T). 

Now assume [u] £ J^Hp(T). Then [u] ^ 0. Since the x- filtration is exhaustive, there is an I > n such 
that [u] G P X H P (T) and [u] <£ P x r 1 H P (T). Recall that, by Lemma EH1 we have FJ, +1 (r) = 0. Furthermore, 
in the proof of Lemma [3.21 we constructed an isomorphism <f>i : H^f(T) <g>c C[a] — > J- x Hp(Y)/J :l x r 1 Hp(Y) 
of C[a]-modulcs. So [it] G Hp(T) and ^ _1 ([u]) ^ 0. But H% l (T) ® c C[a] is a free C[a]-modulc. So 
^ _1 (aM) = o^ -1 ([u]) 7^ 0. Thus, o[u] £ J r ^ 1 iJ P (r) and, therefore, a[it] ^ J^H P (T). □ 



Lemma 4.8. Let {[%]} &e a homogeneous basis for Hp(T). For any {fj} C C[a] and I G Z, ■ G 
J- l x Hp(Y) if and only if fj = whenever deg[uj] > /. 

Proof. By Lemma 14.41 we have deg x [wj] = dcg[uj] for every j. If fj = whenever dcg[uj] > Z, then, by 
Lemma 14771 we know that J2j f'A u i\ e -F^Hpft). 

Now assume ^ ■J~ x Hp(T). We prove by contradiction that /j = whenever deg[wj] > Z. 

Assuming the conclusion is not true, then n := {dcg[uj] | fj ^ 0} > Z. Without loss of generality, we assume 

!= n if I < j < p, 
<n if p + I < j < p + q, 
> n otherwise. 
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By the definition of n, we know that fj = unless 1 < j < p + q. For 1 < j < p + q, write fj = X)i>o c j,i a% ■ 
Define [vi\ = Y%=i c jA u j] + YJjtl+i Cj, n+ i^ n] a n ~ n ^ [uj]. Then the homogeneous component of J2j fj[ u j] of 
polynomial degree n + i is a*[i>j]. By Lemma [4.31 we have a z [vi] E P X H P (T). Therefore, by Lemma S3 
we have [vi] 6 F l x Hp(T). Consider 7To ([«»]) = J2^=i c j,i n o([ u j]) & Hn(T). On the one hand, we have that 
7i"o(bi]) G F 1 x Hn(F)- On the other hand, we know that deg 7To([mi]) = ••• = 7To([u p ]) = n > I. But the 
x-filtration on Hn(T) is induced by the polynomial grading. We must have 7To([«i]) = Y]j—i c j,i' jr o{[U'j]) = 0. 
Lemma 14.61 tells us that {7ro([ui]), . . . , 7To ([%,])} is linearly independent. So cjj = for i > and 1 < j < p. 
In other words, fj = for 1 < j < p. This contradicts the definition of n. □ 

Definition 4.9. Denote by 7r x : C P (T) ->■ C P (T)(= C P (T)/(a - 1)C P (T)) the standard quotient map. To 
keep notations simple, we denote again by ~k\ : H P (T) — > H P (T) the homomorphism induced by the quotient 
map 7Ti. 

Note that Cp(T) inherits the x-filtration of Cp(T) through n\. 

Lemma 4.10. 7Tx : H P (T) — > H P (T) is a surjective homomorphism preserving the x-filtration with ker7Ti = 
(a — l)Hp(T). Moreover, for any homogeneous basis {[uj]} for the free C[a]-module Hp(T), we have: 

• {7Ti([uj])} is a basis for the C-space Hp(T). 

• deg a .7ri([uj]) = deg[uj] for every j. 

• For any {cj} C C, J^j Cjiri([uj}) S J- l x Hp(Y) if and only if Cj = whenever dcg[uj] > I. 

Proof. By its definition, we know that ix\ : H P (T) — > H P (T) preserves the a;- filtration. The short exact 
sequence — > C P (T) a ~ 1 > C P (T) Cp(T) — > induces a long exact sequence 

► h e p +1 {t) #p(r) ^> tfp(r) ^> Hp(r) -> #p +1 (r) ^> ffp +1 (r) ^> ffp +1 (r) -»• •■■ 

with Z2 homological grading, where e is the rotation number of T. By Lemmas 13.11 and 13.21 we know that 
Hp +1 (T) = and Hp +1 (T) = 0. So the above long exact sequence becomes a short exact sequence 

— » # P (r) ^> iip(r) ^> h p (t) -> 0. 

Thus, 7ri : Hp(T) -t Hp(T) is surjective and ker7Ti = (a - 1)H P (T). 

Now assume {[%]} is a homogeneous basis for the free C[a]-module H P (T) with deg[iij] = rij. It follows 
from the above and Lemma I4TT1 that {^([it?])} is a basis for the C-space Hp(T). 

Since 7Ti : Hp(T) — > Hp(T) preserves the x-filtration, we get from Lemma 14.41 that deg x TTi([uj]) < 
deg x [uj] = deg[uj] = rij. Next, we prove that deg x Ki{[uj\) = nj. Note that [uj] is represented by a 
homogeneous cycle Uj in Cp(T) with deg Uj = rij. Recall that the x-filtration on Cp(T) is the increasing 
filtration associated to an x-grading on Cp(T). Denote by Uj^ the homogeneous component of Uj with respect 
to this x-grading. Then Ujj = if i > nj and, by Lemma [2751 ujj € aCp(T) if i < rij. So tto = TTo(wj) 
is a homogeneous cycle in Cat(T) of polynomial degree nj representing the homology class ttq ([uj]). Lemma 
14.61 implies that 7To([iij]) 7^ 0. Recall that Lemma IXT1 is proved in [TTJ by a construction very similar to the 
proof of Lemma 13.21 To summarize, we know that 

• every homogeneous cycle in Cjy-(r) can be completed to a cycle in Cp(T) by adding terms with 
strictly lower polynomial degrees, and this correspondence gives rise to a well defined isomorphism 

0„ : fl£"(r) -> ^^ P (r)/j-«- 1 J ff P (r). 

Clearly, 7Ti(uj) is a cycle in Cf>(r) obtained from 7To ) by adding terms with polynomial degrees strictly 
less than deg tt (%,n 3 - ) = rij. Denote by 7r (n) : J^iip(r) -> J r ™^p(r)/J r ™" 1 ^p(r) the standard quotient 

map. Then ^{mduj})) = ^([M^j)]) = KfaQuj])) * °- Thus > ^(N) ^ ^ _1 -ffp(r) and, 
therefore, dcg^. 7Ti([iij]) = nj. 

It remains to show that c i 7r i([ u j]) ^ -^i^pO^) if an d only if Cj = whenever nj > I. Recall that 
deg x TTi([uj}) = rij. If Cj = whenever rij > /, then we clearly have that X)j c i 7r i([ u j']) -^x^pi^)- Now 
assume that there is at least one j such that > I and c 3 ^ 0. Then n := maxjrij | Cj 7^ 0} > /. 
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Consider [u] := ^2jCja n nj [uj]. [u] is a homogeneous element of Hp(T) of polynomial degree n, and 
^i(M) = Z)j c j7n([%])- We have 

7rW(7n([«])) = ttW(E WM)) = <M E WM))- 

rij—n rij—n 

By Lcmma l4.61 {ti"o ([%])} is a basis for H^(T). By the definition of n, we know that rij = n and Cj ^ for at 
least one j. Thus, ^ =n c 3 -vr (K-]) ^ 0. But 0„ : ff^ n (T) -> F£ Hp{T) / T x l ~ x Hp(T) is an isomorphism. So 
([«])) = ^(E^= n c 3 -7r (H)) # 0. Thus c,-7ri([uj-]) - 7Ti([«]) f P x H P {T){d ^H P {T)). □ 

Remark 4.11. In conclusion of this subsection, we note that Lemmas 14.81 and 14.101 imply that any direct sum 
decomposition of Hp(T) in the category of graded C[a]-modules is also a direct sum decomposition in the 
category of filtered C-spaces and induces a direct sum decomposition of HpiT) in the category of filtered 
C-spaces. 

4.2. Decomposition of Hp(L). In this subsection, we give a proof of Lobb's decomposition theorem (The- 
orem 11.71 ) 

As before, a is a homogeneous variable of degree 2k. 

Lemma 4.12. El Assume that (C*,d*) = ■■■ > C" C n+1 — — > ■ ■ ■ is a bounded chain complex of 

finitely generated graded-free C[a]-module and its differential d* preserves the grading of C* . Then, in the 
category of chain complexes of graded <C[a]-modules, (C*, d*) is a direct sum of chain complexes of the forms 
Fi_ s and Ti tTn s given in (|1.5[) - (|1.6[) . 

Proof. We prove the lemma by an induction on the total rank of C*. If rankC* — or 1, then the lemma is 
trivially true. Assume rankC* = K > 2 and the lemma is true if the rank of the chain complex is less than 

K. There is an n such that C n + and C 3 ; = V j < n. Consider the section -> C n ^ C n+1 ■ ■ ■ 

of C*. Let {ui, . . . ,u p } be a homogeneous basis for C" with degiti < •■• < degu p , and {v±, . . . ,v q } a 
homogeneous basis for C" +1 with degi>i > • • • > degv q . For each 1 < j < p, we have d n (uj) = E?=i fi,j v i> 
where each foj is a monomial in a of degree deg/i.j = degUj — degw^. Note that deg/ij is increasing with 
respect to both i and j. 

If (/i.i, . • • , fq.i) = 0, then C* has a direct sum component — > C[a] • u\ — > = -F^deg «i • Thus, by 
induction hypothesis, the lemma is true for C* . 

If {fx i, . . . , f q i) 7^ 0, then there is an I such that fii^O and fn=QVl<i<l. Define a q x q matrix 
S = fej)by 

f 1 if i = 3, 
= < if i > I and j = I, 
[0 otherwise. 
Then S is invertible and = is given by 

f 1 if * = i, 
= \ ^777 if i > i and j = I, 
[0 otherwise. 

Note that, for any i > I, is a monomial of a of degree deg/^i — deg//^ = degu/ — degw^. We have 
{d n u 1 ,...,d n u p ) = (v 1 ,...,v q )(f tJ ) = (v 1 ,...,v q )EE~ 1 (fi ij ). 

Let Vj = J2i=id,j v i an d 9i,j = ELi ii,afa,j- Then {£>x, . . . , v q } is a homogeneous basis for C n+1 with 
degWi = deg^i, g^j is a monomial in a with deggjj = deg/ij, and (d n u\, . . . , d n u p ) = [v\, . . . , Vq){gi,j)- 
Note that <?; i = /j x 7^ and /^x = V i ^ I. Next, define a p x p matrix 9 = (Oij) by 

f 1 if * = j, 
'A., < r- ifi = landj>l, 
[0 otherwise, 

18 



where j^- is a monomial of a of degree deg gij — degi?;^ = degUj — degwi. Let Uj = Y^i=i^i,j v "i an< ^ 
h>i,j — ELi 9i,a@a,j- Then {u\, , . , , u p } is a homogeneous basis for C™ with deg-Uj = dcgUj, hij is a 
monomial in a with deg hij = deg gij = deg /jj, and (d n ui, . . . , d n u p ) = (Si, . . . , v q )(hij). 

Note that /tyi = g;.i = /j i ^ 0, = V i ^ I and hij = V j ^ 1. Thus, C* has a direct sum 
component 

o c[o] • ui c[o] •«!->• o s r n+lj d 2£ » J -d 2££iideg - i . 

By the induction hypothesis, the lemma is true for C*. □ 

The existence of the decomposition in Theorem 11.71 follows from Lemma 14.121 To prove the uniqueness 
of this decomposition, we need the following lemma, which is a slight refinement of the standard invariance 
theorem for modules over a principal ideal domain. 

Lemma 4.13. Suppose that {(mi, si), . . . , (m p , s p )} and {(n\, t\), . . . , (n q , t q )} are two sequences in Z>o x Z 
satisfying: 

• mi < • • • < rn p , ni < • • • < n q . 

• If i < j and rrii = rrij , then Sj < Sj . 

• If i < j and n, = rij , £/ien t\ < tj . 

• As graded C[a]-modules, 

0(C[a]/(a^)){ Si } = 0(C[o]/(a w ')X*i}. 

i=l 3=1 

T7ien p = q and rrii = ni, Si = ti for every 1 < i < p. 

Proof. We adapt the proof of the invariance theorem in j3[ Section 3.9] to prove Lcmma [4.13l The only change 
is that, instead of counting dimensions, we count graded dimensions. Recall that, for a finite dimensional 
graded C-spacc V = ^ i Vi, where Vi is the homogeneous component of V of degree i, the graded dimension 
of V is gdim c V^ := J2i fi % dime Vi, where /3 is a homogeneous variable of degree 1. 
Let 

M := 0(C[ fl ]/(a™*)){*a = ©(C[o]/(o tt 0){*i}. 
i=i j=i 

Denote by z,; the multiplicative unit 1 in (C[a]/(a mi )){si}, which is a homogeneous element of M of degree 
Sj. For any I > 0, define AfW := a 1 M / a l+1 M . Then M« is a finite dimensional graded C-space. If I > m p , 
then M") = and gdim c Af^ =0. If < I < m p , then there is a unique j such that mi < • • • < ntj < 
Z < rrij+i < ■ ■ ■ < m p . One can see that a 1 M = 0f =J+1 C[a]a'zi and {a'zj+i + a L+1 M, . . . ,a l z p + a l+1 M} 
is a homogeneous basis for the C-space M"\ So gdim c M^ = (3 2kl J2i=j+i fi Si ■ For any integer c, define 
Si.c — {i | 1 < « < P, Sj = c, ?7i.; > Z}. We observe that the coefficient of fi c + 2kl in gdim c M^ is equal to 
the cardinality of iS; )C . Similarly, defining S[ c = {i | 1 < i < q, U = c, ni > I}, we have that the coefficient 
of p c + 2kl in gdim c M^ is equal to the cardinality of S[ c . Thus, for any (I, c) G Z> x Z, the cardinalities of 
Si tC and 5; c are equal. The lemma follows from this. □ 

It is now very easy to prove Theorem 11.71 and Corollary 11.81 

Proof of Theorem \l . 7| and Corollaru \1.8l Fix a diagram D of L and a marking of D. Let sci, . . . , x m be the 
variables assigned to the marked points of T and R = C[xi, . . . ,x m ,a\. By Corollary 13.31 H(Cp(D), d m f) 
with its polynomial grading is a finitely generated graded- free C[a]-module. By the definition of d x , we know 
that it preserves the polynomial grading. 

According to Lemma l4.12[ in the category of chain complexes of graded C[a]-modules, (H(Cp(D), d m f), d x ) 
decomposes into a direct sum of chain complexes of the forms Fi tS and Ti mjS given in (|1.5|) - ()1.6|) . Note that 
each factor of fj jS in this decomposition contributes a direct sum component C[a]||z||{s} to Hp(L) and each 
factor of Ti. mtS contributes a direct sum component (C[a]/(a m ))||i||{s} to Hp(L). To prove the existence 
of decomposition (|1.7I) . it remains to determine the free part of Hp(L). By Lemma [4.101 the above decom- 
position of (H(Cp{D),d m f), d x ) induces a decomposition of (H(Cp(D),d m f), d x ) in the category of filtered 
chain complexes of C-spaces. Each factor of Fi, s (rcsp. Ti, myS ) in the decomposition of (H(Cp(D),d m f), d x ) 
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corresponds to a factor of i*i iS (resp. Ti jjrl . s ) in the decomposition of (H(Cp(D),d m f),d x ), and the grading 
of Fi^ s (resp. Tj irr , iS ) induces the filtration on the corresponding i^ )S (resp. Tj lTOlS ). The homology of Tj imjS 
vanishes and, as a filtered C-space, the homology of F,. s is C||i||{s} = (C[a]/(a — l))||i||{s}. One can see 
from this that, as a graded C[a]-module, the free part of Hp(L) is isomorphic to T-Lp{L) (g>c C[a\. Thus, we 
have proved the existence of decomposition (|1.7[) . 

The uniqueness of decomposition p. 71) follows from Lemma 14.131 This completes the proof of Theorem 
[TT71 

To prove CorollaryHH note that, byLemma|Hl (H(C N (D),d mf ),d x ) = H{C P (D),d mf )/aH(C P (D) 7 d mf ) 
as chain complexes of graded C-spaces. Moreover, as chain complexes of graded C-spaces, Fi^ s /aFi, s = — >• 

C||i|| -> and T;, m , s /aT iim , a -> C||i - l||{s + 2fcm} C||i||{s} 0. So Corollary O also follows from 
the decomposition of the chain complex (H(Cp(D),d m f) 1 d x ). □ 

4.3. Decompositions of E r (L) and E r (L). In this subsection, we prove the decompositions of E r (L) and 

E r (L). 

First, we explicitly compute the spectral sequences of the filtered chain complexes F,. s , Ti iTOiS , Fi >s and 
Ti. m ,s- We use the notations given in [9J Section 2.2]. Since J-^ is an increasing filtration and the notations 
in [5J Section 2.2] are for a decreasing filtration, we need to adjust their definitions accordingly. 

Let (C*,d, J-) be a filtered chain complex such that d raises the homological grading by 1 and T is 
increasing. Set 

(4.1) Z™ = T p C p+q nd~ 1 {T p - r C p+q+1 ), 

(4.2) B™ = T p C p+q r\d(T p+r C p+q - 1 ), 

(4.3) E p - q = Z p > q /{Z p r Zl> q+1 +B P '\). 
Then {E P ' q } is the spectral sequence of (C*,d, F). 

Proof of Lemma \l.lO\ We only compute E r (Fi >s ) and E r (Ti_ m ^ s ). The computation of E r (Fi^ s ) and E r (Ti_ m ^ s ) 
is very similar and left to the reader. 

Recall that the differential map of F itS is 0. So B^' 9 (F^ S ) = and 



So 



P+Q 
i,s 



C[a]{s} if p > s, q = i 
otherwise. 



EP'*(F iia ) = j^ F f+ q /F p - 1 Ff+ q 



C[a]{s} if p = s, q = i — s, 

otherwise. 

The observations about {E r (Fi tS )} in Lemma \l . 101 follow from this. 
Recall that the filtered chain complex Ti m s is given by 




[a]\\i- l\\{s + 2km} C[a]\\i\\{s} if p > s + 2km, 
H T i,m,s = { -> C[o]||i||{s} -+0 if s <p < s + 2km, 

if p < s. 

Note that Z p ' q (T ijmtS ) = unless q = i — 1 — p or i — p. So E P ' q (T iym ^) = unless q = i — 1— p or i — p. 
We compute £?'* Ll ~ p (T.;, TOjS ) first. Note that 

C[a]{s + 2km} iip>s + 2km, 
if p < s + 2fcm, 



Trprrn—i 
1 i,m,s 



d-\Fl- r Tl, m , a ) = 

Thus, 



C[a]{s + 2km} ii p — r > s, 
if j> — r < s. 

C[a]{s + 2km} if p > s + 2fcm and p > s + r 
otherwise. 



Also, S^ i - 1 -f(T i , m>s ) = 3?-% n d(TP+ r T^ s ) = 0. Therefore, 

pp.^-i-p^ \ 7P ,i_i- PrTn w 7P -i.,-p, T /C[a]{s + 2fcm} iip = s + 2km>s 

I otherwise. 

Next, we compute ^'^(Tj^^). Note that 

(C[a]{s} ifp>s, 



yp,i-p(rp \ _ -pprpi n j-1 ( -pp-rrpi+1 \ _ x-PT^j 
\- L i,rn,sJ — - r x ± i, m.s 1 1 a V-'a; ± i,m,s ) ~ x ± i, 



if p < S, 



and 



So 




a m C[a]{.s} if p + r > s + 2km, 
if p + r < s + 2fem. 



a m C[a]{s} if p > s and p + r > s + 2km, 
if p + 7' < s + 2km. 

Recall that E^-p (T i}7n , s ) = Z^-? (T iiTn , s ) / (Z^-^ 1 (T ijmiS ) + BP-*-"^^,,)). Putting these together, 
we get 

!{C\a]/(a m )){s} if p = s and r > 2km + 1, 
C[a]{s} ifp = sandr <2km, 

otherwise. 

This completes the computation of {E r (Ti, m , s )}- Note that {E r (Ti :m ^ s )} collapses exactly at its E-zkm+x- 
page. □ 

Finally, we prove Theorem II. Ill 

Proof of Theorem ll.lll Fix a diagram D of L and a marking of D. Let xi, . . . , x m be the variables assigned 
to the marked points of T and R = C[xi, . . . , x m ,a\. By Corollary 13.31 H{Cp{D),d m f) with its polynomial 
grading is a finitely generated graded- free C[a]-module. By the definition of d x , we know it preserves the 
polynomial grading. 

According to Lemma l4.12l in the category of chain complexes of graded C[a]-modules, (H(Cp(D), d m f),d x ) 
decomposes into a direct sum of chain complexes of the forms Fi, s and Ti iTOjS given in (|1.5[) - (|1.6[) . By Lemma 
14.81 this is also a decomposition in the category of filtered chain complexes, in which the filtrations on Fi, s 
and Ti jTniS are given by (|1.9|) — (|1.10|) . Thus, the spectral sequence of (H(Cp(D),d m f),d x ) is the direct sum 
of the spectral sequences of its components in this decomposition. Decomposition (|1.18[) in Theorem 11.111 
then follows from this and Lemma 11.101 

By Lemma l4.10l the above decomposition of (H(Cp(D), d m f), d x ) induces a decomposition of (H(Cp(D), d m f),d x ) 
in the category of filtered chain complexes into a direct sum of chain complexes of the forms F, i s and T i m s 
given in (|l.ll[) - (|1.12j) . The spectral sequence of (H(Cp(D),d m f),d x ) is the direct sum of the spectral se- 
quences of its components in this decomposition. Decomposition (|1.17[) in Theorem 11.111 then follows from 
this and Lemma Tl. 101 □ 
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